Motivated by recent results on non-vanishing spatial curvature [1] we employ the holographic model of dark energy to investigate the validity of first and second laws of thermodynamics in non-flat (closed) universe enclosed by apparent horizon RA and the event horizon measured from the sphere of horizon named L. We show that for the apparent horizon the first and second laws of thermodynamics are respected while for L as the system's IR cut-off first law is broken down and second law is respected for special range of deceleration parameter. It is also shown that at late-time universe L is equal to RA and the thermodynamic laws are hold, when the universe has non-vanishing curvature. *
Introduction
The accelerated expansion that based on recent astrophysical data [2] , our universe is experiencing is today's most important problem of cosmology. Missing energy density -with negative pressure -responsible for this expansion has been dubbed Dark Energy (DE) . Wide range of scenarios have been proposed to explain this acceleration while most of them can not explain all the features of universe or they have so many parameters that makes them difficult to fit. The models which have been discussed widely in literature are those which consider vacuum energy (cosmological constant) [3] as DE, introduce fifth elements and dub it quintessence [4] or scenarios named phantom [5] with w < −1 , where w is parameter of state.
To describe the behavior of DE, one of the models which has recently attracted a lot of attention is the holographic model [6, 7, 8] which has originated from the holographic principle. Holographic principle-proposed by G.'tHooft and extended by L.Susskind [9] -states that the number of degrees of freedom related directly to entropy scales with the enclosing area of the system. Based on cosmological state of this principle, proposed by Fischler and Susskind [10] , the holographic model of dark energy in flat universe was proposed by M.Li [7] , following this idea that short distance cut-off is related to the infrared (IR) cut-off. This relation between short distance and infrared cut-off, was suggested by Cohen [11] in quantum filed theory, due to the limit set by formation of a black hole.
In order to determine the proper and well-behave system's IR cut-off, there are some difficulties that must be studied carefully to give results adapted with experiments that claim our world has accelerated expansion. For instance, in [7] , it is obtained that considering particle horizon, Rp,
as the IR cut-off does not lead to accelerated universe and for the case of closed universe, it violates the holographic bound [12] . Also one can show that considering the apparent horizon (Hubble horizon)-which is the outermost surface defined by the null rays which instantaneously are not expanding, RA = 1/H -as IR cut-off, results the constant equation of state (EoS), which is in contradiction with recent observations implying variable w [13] . On the other hand taking the event horizon, R h , where
to be IR cut-off, gives the results compatible with observations for flat universe. In another paper [14] , for either time independent and time-dependent EoS, the first and second laws of thermodynamics in flat universe were investigated. For the case of constant EoS, the first law is valid for apparent horizon (Hubble horizon) and it does not hold for event horizon as system's IR cut-off. When the EoS is assumed to be time dependent, using holographic model of dark energy in flat space, the same result is gained: The event horizon, in contradict with apparent horizon, does not satisfy the first law. Also, while the event horizon does not respect the second law, it is hold for the universe enclosed by apparent horizon.
On the other hand, some of experimental data has implied that our universe is not a perfectly flat universe and recent papers have favored the universe with spatial curvature [1] . As a matter of fact, we want to remark that although it is believed that our universe is flat, a contribution to the Friedmann equation from spatial curvature is still possible if the number of e-foldings is not very large [8] . Therefore, it would be interesting to investigate the laws of thermodynamics for non-flat universe, and determine for what distances, the thermodynamic laws, are satisfied when the curvature is non-vanishing.
Defining the appropriate distance, for the case of non-flat universe has another story. Some aspects of the problem has been discussed in [15] . As discussed in [8] , in this case, the event horizon can not be considered as the system's IR cut-off, because for instance, when the dark energy is dominated and c = 1, where c is a positive constant, ΩΛ = 1 + Ω k , we findṘ h < 0, while we know that in this situation we must be in de Sitter space with constant EoS. To solve this problem, [8] considered another distance-radial size of the event horizon measured on the sphere of the horizon, denoted by L-and investigated the evolution of holographic model of dark energy in non-flat universe.
In present paper, using the holographic model of dark energy in nonflat universe, we study the validity of first and second law of thermodynamics in present time for a universe enveloped by RA and L. In section 2, as the thermodynamic laws are applicable in equilibrium, we first investigate whether these distances change dominantly over one hubble time, tH = 1/H, to show that whether these horizons variate dominantly over long period of time, and then we study the validity of first law. In section 3, the second law of thermodynamics is studied. In final section, some conclusions are represented.
We take = kB = G = c = 1.
First Law of Thermodynamics
We consider the non-flat Friedmann-Robertson-Walker universe with line element
where k denotes the curvature of space k=0,1,-1 for flat, closed and open universe respectively. In non-flat universe, our choice for holographic dark energy density is (relations were obtained in [8] )
As it was mentioned, c is a positive constant in holographic model of dark energy(c ≥ 1)and the coefficient 3 is for convenient. L is defined as the following form:
here, a, is scale factor and r(t) can be obtained from the following equation
where R h is event horizon. For closed universe we have (same calculation is valid for open universe by transformation)
where y ≡ √ kR h /a. The equation of state of DE reads to be:
Here ΩΛ is dimensionless DE density, ΩΛ = ρΛ/ρcr. Putting its present value, 0.73, in ΩΛ, a lower bound for wΛ, is obtained to be −0.90, provided that c = 1. According to [8] , if c ≥ 1, then wΛ will be always larger than −1 and for c < 1 , ωΛ < −1 and the holographic DE will have phantom-like behavior, but imposing the Gibbons-Hawking entropy in a closed universe results c > 1 to avoid decreasing entropy. Thus the holographic model of DE can not behave like phantom. For more general bound on parameter c see [16] . Our study is due to present time, so the ordinary matter is taken into account. The critical energy density, ρcr, DE density, ρΛ, and the energy density of curvature, ρ k , are given by following relations respectively:
Using definition ΩΛ and relation (7),L gets:
so one can easily find that
Clearly, L does not change dominantly over one Hubble time, thus the laws of thermodynamics can be applied here. From [17] the amount of energy crossing the surface specified by L during time interval dt is obtained as following
where ka and k b are ingoing null vector fields and w is related to total pressure and energy density of matter enveloped by horizon. We find
to obtain this relation we have replaced w by wΛΩΛ. Employing black hole thermodynamics, based on Bekenstein [18] , Hawking and Gibbons works [19] , and generalizing it to our cosmological horizons, we define the temperature and entropy to be (for L):
Hence
Comparing relations (11) and (13) we see that the first law of thermodynamics is not satisfied for L
For the case of apparent horizon (Hubble horizon) -which we consider it as an alternative distance to study our physical laws in the universe enveloped by -we first investigate the ability of applying thermodynamics laws. Using the following relation we find an expression for H
where, ρm = Ω 0 m ρ 0 cr a −3 and H0 denotes the present value of Hubble parameter and
Using (15) and (16) we find
here γ ≡ Ω k /Ωm < 1. Taking derivative in both sides of (17) with respect to x(≡ lna), and after some calculation, we obtain
where we have used following relation in which prime sign denotes derivative respect to x [8] :
For RA we have
Fortunately from (18) it is easily seen that we are allowed to use thermodynamic laws for RA. In fact neither RA nor L change dominantly over one Hubble time. Clearly, in (18) , if k → 0, then the result will be equal to what has been obtained for the case of RA in flat universe.
Modifying relations (11) and (12), for RA, so that
We obtain the following relations:
and
At the first look, it looks that the first law is violated, but if we note that γ ≡ Ω k /Ωm is small, Ω k = 0.01 and Ωm = 1 + Ω k − ΩΛ ≃ 0.28, then approaching this value to zero, one can approximately conclude that for the apparent horizon in non-flat universe the first law is satisfied, namely
As we saw, for L, as an the IR cut-off of our system, the first law of thermodynamics did not hold in present time and non-flat universe. Discussed by [14] , the reason could be that the first law is valid only when it is applied to nearby states of local thermodynamics equilibrium and the IR cut-off we considered reflects global properties of the universe. Also, we discussed above that the particle horizon did not work, due to it does not lead to an accelerated universe and apparent horizon (Hubble horizon) have some difficulties mentioned in introduction. Therefore it looks that we need to define new distances or redefine some of parameters-e.g Hawking temperature -so that the thermodynamic laws are satisfied, although we remark that applying Hawking temperature T = 1/(2πRA) for L in studying the validity of first law does not solve the problem, as it did not solve the problem of event horizon, R h , in flat universe [14] . It is worthy to remind that one can investigate these relations in open universe by transforming k → −k,
Second Law of Thermodynamics
Here, we study the validity of generalized second law (GSL) of thermodynamics. According to GSL, for our system, the sum of the entropy of matter enclosed by horizon and the entropy of horizon must not be decreasing function of time. We investigate this law for the universe filled with perfect fluid described by normal scalar field (quintessence-like). For this purpose, we consider the enclosed matter and calculate its entropy. Note that in [14] this calculation has been done for the case of interacting holographic dark energy with dark matter. The entropy of the matter has the following relation with its pressure and energy
where V is the volume containing the matter.
For the apparent horizon, we have V = 4πR
Using RAdRA = −H −3 (dH/dx)dx one can obtain
Here q is deceleration parameter defined as following
The entropy of apparent horizon, is SA = πR 2 A , so one can easily find
From the equations (26) and (28) it is obtained
which is clearly positive. Hence it is precisely concluded that GSL is respected for the sum of the entropy of apparent horizon and the entropy of matter enveloped by. For L we find the following relations
Using relations (30) and (31) we find
(32) We restrict our consideration to present time, ΩΛ = 0.73 and take c to be 1 (changing c slightly to get bigger than 1, only moves slightly the range of amounts that q can take. The sign of In the end of this section we want to remark that at late-time universe, where ΩΛ approaches to unity, provided that we take c = 1, we find that RA = L and using relations (11, 13, 21, 22) it is clear that the the first law is satisfied. Also about the second law, we see the relation (32) is in absolute consistency with (29), therefore the second law is also respected at late-time and non-flat universe.
Summary
In order to solve cosmological problems and because the lack of our knowledge, for instance to determine what could be the best candidate for DE to explain the accelerated expansion of universe, the cosmologists try to approach to best results as precise as they can by considering all the possibilities they have. Investigating the principles of thermodynamics and specially the second law-as global accepted principle in the universein different models of DE, as one of these possibilities, has been widely studied in the literature, since this investigation can constrain some of parameters in studied models, say, P. C. Davies [20] studied the change in event horizon area in cosmological models that depart slightly from de Sitter space and showed that for this models the GSL is respected for the normal scalar field, provided the fluid to be viscous.
It is of interest to remark that in the literature, the different scenarios of DE has never been studied via considering special similar horizon, as in [20] the scale factor, a, determines our universe while in [21] the universe is enclosed by event horizon, R h . As we discussed above for flat universe the convenient horizon looks to be R h while in non flat universe we define L because of the problems that arise if we consider R h or Rp (these problems arise if we consider them as the system's IR cut-off). Thus it looks that we face with defining a horizon to satisfy all accepted principles. In [22] a linear combination of event and apparent horizon, as IR cut-off has been considered.
In present paper, we studied L, as the horizon measured from the sphere of the horizon as system's IR cut-off and apparent (or Hubble) horizon. We investigated the first and second law of thermodynamics at present time for the universe enveloped by this horizons and obtained that for apparent horizon just like the flat case, the first and second law in non-flat universe are respected while for L the first law did not hold and second law was satisfied just for a range of q which q was deceleration parameter.We related the invalidity of the first law for L due to this point that L reflects the global properties of the system while the first law is related to local thermodynamics equilibrium. Also, we showed that at late-time universe L is equal to RA and the thermodynamic laws are satisfied at this time.
